
7 -4192 M5 COMMTONS FOR FINITE CCUYEROEC OF ALOIIT fee
NONLINEAR PROGRAMS AN (U) GEORGIA INST OF TECH ATLANTA
PRODUCTION AMD DISTRIBUTION RESE.

I UNCLASSIFIED F A AL-KHAVYRI ET AL, JAN 88 PDRC-88-9i F/G 12/4 UEE77 _hhi
I fllflfmfll....fl



'p

-2'2

I I A }Q[?! IIIIZS

Nr ..I '.,r BIe 1.' .6 ,



I ... ................ ..

Lfl UIIC~EiiE coP;h
Rf- 8 W.

cj4% J- Z

PRDCTO DTIC
C LECTETE

and~ i 'y I, All Wj:rI4

% .& .I H OOL OF 3MOUSTWIAL.X,.' .Altj

,. DSTRIUTIN IAE~bE~T 4~A NO SYSTEMS

'apnronod! ioz 'G 1 Lera.s''1 . OAGIA INSTtTUTC OF TECHNOOLOGY'

I I ;! fI~jr ;',.,, , ';...... 1qI) L ' Tj ^ I TLAr4-r. G rORGIA 30332

%~* f . . ,~.

% , lIi.V



.

.14

PDRC Report Series 8-01
January 1988

V CONDITIONS FOR FINITE CONVERGENCE OF
ALGORITHMS FOR NONLINEAR PROGRAMS AND
VARIATIONAL INEQUALITIES

by DT C
*Faiz A. Al-Khayyal MAR 1 11988*Jerzy Kyparisis S

PDRC 88-01 D

*School of Industrial and Systems Engineering
Georgia Institute of Technology
Atlanta, GA 30332

* Florida International University

'Author's work was supported in part by the Office of Naval Research
under Contract No. NOOO14-86-K-0l73 and by general research development
funds provided by the Georgia Institute of Technology.

',, -.._. _. S,:h b ti F: , F, . .

II s



CONDI FIONS IOR FINIfK CONVERGENLE 01, U.(XORI IIlMS
FOR NONIINEAR PRORAMS AND VARIATIONAL. INFQUAIITIPS

Faiz A. AI-Khayyal,
School of Industrial and Systems Engineering

Georgia Institute of Technology
Atlanta. Georgia 30332

and

Jerzy Kyparisis

Department of Decision Sciences
and Inforration Systems

Florida International University
Miami, Fl. 33l)

ABS rRACr

Algorithms for nonlinear programming and variational inequality problems

are, in general, only guaranteed to converge in the limit to a

'"Karush-Kuhn-Tucker point, in the case of nonlinear programs, or a

solution in the case of variational inequali ties. In this paper we

derive sufficient condit ions for nonlinear programs and variat ional

inequalities such that any convergent algorithm can be modified to d.

gu aranitee finite convergence to a solution. Our conditions are more

gfeneral thn exist inU, results and, in addition, have wider applicability.

Moreover. we note that our sufficient condit ions are close to the related

necessary cond it ions, and show by coun erexamples that our main

rionde gerie ta:cy is ,iimptions cannot be relaxed.
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1. Int roduct ion

Numerou s a l orilhms have been devised For the solt io}n of the

optimization problem

minimize f(x) subject to x C S. (1.1)

Differences in the procedures generally exploit the assumed structure o1"

the objective function f and the feasible set S. In this 1xlper. we

develop conditions on f, S, and the solution point under which an!

inf initely convergent algorithm can be modified to ensure Ifi iiiet,

- convergence. Within the assumptions on f and S we show by coon ter-

exunples that the cornditions on 'he solution point are Iight. Otur

Iresults are more -eneral than earlier related results Lnd luive been

ex tended to the problem of finding soluI ions to variit o la I iiteqtutIi i es . -- - ]
which ci 1 Its for find in a point x C S such thati

C(x ) (x-x ) > () for all x ( S. 1 *)) -- .. . j

whe.'~i o tqot ipiu from R to Rre s n  ... .. . ..

7h r ; i :} / n ,}l :ili u ro {

4 V j ~ ~ ~ J~ - ,



.rsrrryr w- w- V- L- w '-r-

I' I i 4 f I I I ) t I I I I I I t (iii I r I l f ii wit I t j I I 

(Ill( T 4) 1 -10 1 1t 1)1 ff Ii 4th III I Io' Ill I it Iti h 4

(4414", 1)114 (j~ll I I I I41 w I ' -,C C i2f ii, C 411If4

pf (0). 111T Ifl- I, If I) (11 If( I i2t' 4 1 )1 1 lil 11 1 e f( ( I I4 )If I' c) I L 1 1 1.

11111 1 4 1o I K, -Ist KiI I IiI I II(kf e I- fifit I s'C I'2 c~ e Whlit h rImiy w Il

I it) I ) bc I I )4(.,I I 1f 14ff) Iof- S e ii4) I1 1 ( ,c25 (t riff'. ' nc I oi~ ( : I I I

"'(4 I i 14ff) (- fi be) e t' l i 5liCel (4 e i lftr ((fiVe\ pf442 l fIns, t. 4f I

(()fve tii.CfIlcv c,1ff be lIssifred ( e 12 1~fo t'tofjinLt e d i re(41 ofil I r~f i I lifis

appI ied to bounded quaidrat ic prol,rf-uns us iff)! Armi~jo-f Yje ffO'\;fc I I IIl

-seafclfeS [20]) A lor i t bins for var iat iti i neqflI I tY p ofbI (fffs, f vp (1)1 1

:Arc 12v 4) Ii fI ('( to :ofIVer'u'e il (fit e lim 1 th to .1 soIII. ion1f if* 5)lc I -,()I If I I I,

is um~lli ful 11LS , i if mos t cases , t he eN ist 111.'I Ifh2,t0r i InsM- (If ffV 4Ff

('therf l\irtusl-lKtflfr-Tuc4ke or s04f tit ion 4 p init in 1 ff 1 1ff iz ic4 wiffffflt tot

It eps . We prtopose t o mod i fy t hese p rocedu rs b~y i mlbedd if 41.1. I 51 I ji 44141 eff

( hay if. 1i, i fnear olbj c t i Ve liinc t i of andt cofns t [ii i if I sii venl by S )I ki '-144I)I)d

be' sol1ved( every f ixed numtfber of' step-,. Under ccetfin co nidit 144f15 isI

-sifl ices to 1flf'ffe liri te coflvCri~ei2cII 1(4 i Soififf141. 11)15, i(141 I-,

ternitli scelit olf' the "Spacer Ste[)" Used in)f01 ri iifeiff pf042.frif in f12 I ) ((ff'. ( I

.1 o4(%4 I V cliv (O4V 'fi,C' o il I ')r itIh b i it !tf o . 1 IbAix I I y (ofV('f124(l I olic4 c (' 2

Rat o (I' c:of -Tr'r e uid corid iol 0 F4 or 1'ff i I (4I v4'2, t'ltt' c 1j i '.iI

d (h t o1 )td bly 1 t IffffIC of* .(ff I l f for -12 d en [1(1('4 rojeu fli 441 il 114f i ihi)1)5

P,'rc kI I4 Silfldied (Ilte (~dti- vlil1)l~kf.i]1fll~

prf))j ct i o~ff int' f4hod for f)[(Jf l(!i ( I I ) w i Ii (If ) ffn4t 4444'-, I v df I I I e[4'fi I I, it) I t

441) e(' IV( v ' ild complic I S (h(e1i tiet Ily onrlIy )fjpj) r 1 tI(Id h 4W(' hoi l~ rid-, 44f i Il

% ww

.~~ % . .



It1 1t (0 (-11 w I I cTi' IT'4 ( I I I I,-, 1T I)( II .1 1 itt cTl k 4

5 ~~~ ~ ~ ~ ~ m III~'fi'. he ~4'TlilTI

4' il I. .~t 11 c !() 4, '' Ic 1T 1i 4'', vt I It ' ()pc I4" I4 t I ~ I )d I"I

I I I' I I' If.II, l tfI f t. I( I. m 11- 11 it )(. I

pf I t I Iw~lc4

I ,I I ) , " l Aw . III m tI~ m l'



t1l 1 iIHit I II it ,I 1 .1 ) t I I I t I ItI~ 1t l1 r. *I I I I' I

l c~ I _,. ic 10 w t- , ( rit I I 11I s i 11I - 'l t i ~W - -( l\ I

l i (Ii Id I I Ikll-,t ,. I tt w w e I c 1 1 i t~ I2 II (O11VC lit It 'I" I I ~ I cy -(- ir 1

Iit ~~I'e I :ii I (-litIppI Oe oft he coia I ittl iv~i- il, pro,.s [fj

bi p DIII t 1 t 1 Who it (l 1 (-(I115 () I I l u,4 Id c~ t~l pta oik.. I on lc t o i cm Ii t01 ti. I

I l ow .~ I w,~ I ,c wt i, -, ; I i w~ i) I0) t I I I I ilb I o I( I Ill t I I I oi I t'II fllt

reot I T 1 ) ,i I mwl'- 1 i t-o I i( p I ntjr(e~ilr I Ic e co (I I. li i Ie mel (( Flei ( i2(e I I

AlId o I I 0. I I I i lt l (). Itt u I IC l I t co I t 'v ( I! o le f I i I ( II ')l(t11 it fu

*~ll ) I t. I ' jricv I) I /e 411 t 11 [I)1 re I of eltl Hw ( e Lisf~ L.) it ''show i ldlf(hl I I riiI

I I~ i- I Il(,2t- ( I I u t i , 11(-Ift;Il i 01 lI I Ie'-,li V(' I If ('Id u~ 1)a Mor li 81C S I l I

IIt 1 1 1 I I It I I I 111 - , I ) I I ;I t iii o I eII I e r11 .1 I coi -, I Ic I i; I lih p obef-001

pIpc we:, firi Il Ii c I tic r I I I I o I* ('it 11 If'S ii I I Id M12)1 Iih~- l h 'i I- e 12 I



[I tddli I toll, (II u I tt it 511 mm1 l t ( jilt I pi itt i I h.i) S I. c I' Icdti

I w1 l IIt S~t. 1 ut ~ il( 1 I I t I lt- 1 (i111;1 lIt ' I II I I pci (I I

o Ir tt I e *( 1 ~t 1 0 S Ir i f I olu I irit) I W( I I itd w plI) I ems i (T1 1r II I

c1 1%c I I i t I h o I i it I ms l I (o I S ()I 8 1 ned I 1 1 ()L', I ru, w ii Ile I I~ p rob I I I

le c ,, I t) I I Io li I c I1 1 TII- t Ir lo 1 1c I I I e I 0(8 1 1ow r: ny

r.d ~ i ( w i rt 1 n ' ltS;- o iid I I1 Id S i( cc eIo I e\ t I er es1il I stt i 15 ti

re td i ,t set I I s .1 . i It iie; I so I It v liiiI It y ~ t Pr plidi

lit \ Itde wt f i I her. 1Y cs tm rtti,!iltito n N (eiii ) sL ',iii i, p o Ie( oI

I~~~ ( i i I i l N ze IIf' ,,u j lc Io Ax I i Bx >l lS tl 101X I e

6*

1t cIpcutI I Sc Iy I I cIt O U Si liii Ax=Il til ili) Itbic I tt( fea ille t;I!- i f \ s tP

;I I I Si) I1 T .I I -'o~ I tIi I i on o ,p(bI u ' Ill (, il 1,i, I.,~ II' It~ p c 0 ilt n I Ii ;uiiul

pI Ii i I I Iit '11A 1i ,t ( o itt Whol I ' i t .I i(lpe ',Ilt I*IIt hIll I it ll I iol s I w

'd, o -.0 -. p r -.

% %F



(Nl('h 'ypc of' so kit ilrI A-,mit be ('Xf)c(ed IC difi inu io TdT1)1(1Si-ippC:ii[S

Ifm- spcci'll c(' s .~C~ whell I' is I qIIrldtat ic I 011121 oll Hit P (e I

11 lIIhe seqe~t l . We rev iew scVcrTll I (Ii tit lils ATlid resII I s from)[] ('orlVC

ari I' si Aild opt im j/il ion rtheo)ry Whic (1are needed f'or tIC feve Iopirrrerl of

Oki r coTlt i t i ofs Ihle re"Ider. nc'! Ion-SutilT .~ IlLr IlAld She (ny [3~] tot

('M)(Ic I proof' S Ul Iuw i fi rher derot

It( is we I I1-kIOWII i I' rX~ i is Ai local solui r i 01 ' prfol em 1 ut

Millthe. there exists A (du~il) vector (ury) C R p+r 11(1h1 11ur (' v)

sat i st ies (hte lol low irw lrof-I-,I lce (KKV) coridfi t 1(5fo I'ov1

vi) vt(x A = 11 + 1 v. v >0,

(i) Ax\ 11. x bh

v(Bx b) =U

I)I 1('or 11102 ITtx sCl 1'f bhi I lt I Tic. i IIC(fiIA I i ry V ( lls I IA I I Its AI rY

I~ ~ ~~ i' I i olK wfI r C deio IS IIIC 1jilll Tbyf m tri . f

I ~ ~ + *

WaI hieC direc o r I IW x,~V~~I isIT, i III hy i(s III . o (( hl

I Iit oll by~d II hc (\( )-I isI~ of I yec

% i+ * ~I 1

1pTIIC i IfV(ITIlVw iii ce l o t iA



blld iCI. const -l frits it1 Now, it i s a loca s ~lu t ioii. t hen t he KhJI *

-v~x) (X) N* C C.' (21)

cile Ill thl, s e oll we Ill i Ii ie rthe 'ollic I ion I hnl -Vft( x is in) (Ith

inte lot 14)1 I ( denoted b.w ill I (x . I hle neCxt pt p si tion S llZ Is

1o IW iV((' IV itd -,I H' IC erl I coili i i il 15 ol. ill[ I( * to be n~oneinp y.

1) R O S~~ 1 1 1 N t I It( Iiil o1(w i11iL coni( it ions5 are eqlt iv~i I ei

(1) N i Im xtrm pon 01

(c) rzi [Ane 1 r) it ine th r :ir (t 4iei l n e e d n id n

On cal vertrik [. .B ] ii (e .inhereore of' I ix si~i i v (IeIerd i bYidi ~,.

I I' i 'd i ion, ( he ni r r xi [A I H' sI 11 I X it. i v i I 'I heb)Vd rv

SS



f* I*'

T ~ of 04,) 'cht 1 1 1 1i 11111) 14- r c I 1 IT 1I I' I l 1 11) 4 1

I~~ I Ii4 4 - id t4 cd I I f v t / I 1(1 ,c 1 1 11 c4 II

wli I iii 1) (,1 1r

h.11

\1 q* 4\1 ( ~ * (\ ) / . ( f I K I I I I I I, itE !fi I~ I

I IT)()- 4

*1 %



v I

f' ' -- 1% tA + ' i I t ii) m ' , . u ! +l ) lli! \ Il 1 I (' I tl E'~l ICElI I: I i

* - 'l . I I 1 till! .4. ! (' i liC It, Ii N F) l ii t IE S! tC E

°-

i'



xk + I .k + lx* xk 11 x k

k

where v (1 I. I R anld 11-11 denotes anly norm (ltitied otil~.

x is nut( LUt extrtemoe po illtt it Cltlows thiat x d(o.s tiot solve (2. 1) totr

lly I Ii te k We riot(e tiLi t, he t()rde~tieaya'im tiO iani mi

More [S] is eqLiivalettt( to LoSSIIimitt [lilt I- (x )has I tiotietpt y iriteriot

Mitd that -v'(x)( itit I-

'4 ~ ~ Fih prcceclit, thteorem sit,-,est s t hat anry alo~oii tm whichl i'ytietat (f- .1

sequience ot' point s coriver~,iriu, to ant ext reme point x of' al po~lhedral set

can he mod itI i ed to 0~i trtl t VC It) i t e COIIVeri YVtte whetI -V F ( x c (

ini I- ( x )by simply add it. the stibprob 1cm of' so lvi nith Il( liricar to1ta

(2 1) every, say. n steps We are tiitarnritved to reaich the( thr-estold k in

0a F'inite number of' i tetatiotis arid this is F'ol towed lby a sinile I titteat

g ptovgtat to dcier"mi tie X

NONI.INFAR 13R(X;RAN S WII I NONI INIAR INIJQUAIFY (?ONS I RAIN I S

Consider thie nont i near proi~tamm tnii proble1m wi th ttoni iitwiar inreqita I if

(()tl ttstt r; i I) '111 I ittleat r (II 1; 1 i ty constrazilits

miniimite 1(x) subject to Ax =a, i,(X) N 0,il i(I P~)

wfi(.I(.' : l R I ; '1rn( :R 11 - I n ont i ntinni sly (if H ct reti t idl)Ie . '1tid, t

s impI ici n y it( is aissuimed that All the ((mist t iti t- ;iate btili ili alt

Iet X ) ,x: Ax i , -,.(N) 0, i=t, . M) be the IteaSitle Set oI' NI 1.
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-vf~x) C (x), x (X.(.1

PROP(N I I I (N -1 . A.-sumie (full the KIM~t hold(s at x. Ihlell t he lol lowi rlt,

condlitions ii'e equ ivilonru

(1)) T-oi 11 k r A ) I F ii; i e. her-e are ti I i near-ly i nideperidenri

b irid i ti, (-oil,,t a-i int s a t

I'e( 1ormujiIjlu lot it)( 1 (x is identichal to [hit for. jt F*(x wi (1h

-,,x ijb-a ituted for- B3 . Ihetef'ore, the d iscLss ion ill Sectif on 20of

vaio. epreseriuttrions of irut ]-(x*) ipplies hiere Lo T (X*)

Hich tollwn le)WI c~2 Cthniluaricter izes (the key condition -vf*(x) C

ii I x ) ha wil bI e 1used Liter.

I1RtOlN I I ION WAssuime thai thle IC holds at x and consider- the

I I ow i rt, corult i rs:

i Il27 uTliqwl solut ion oi, uritl~(vi (x) N:x X c X

b) I ol l Iows fr-om thte def'in ition o'ittT(

bh) o~i u )i It i on (b) implI it f.-i ) 1, x *) > C) for all 1 x x +

I~x) which i ti t'urri impIies, ( c) since X C x + [.(x)

(,I) (dI) Courud i t toll (a) imp 1 ics that lihc KKF corudii ions holId at. xan

I.%



thar (z Vf( ), / l /( ( f o that, by (orolar1y 1() inl

D ' ~ ~~ ~H te til I sourIti ol O in' MIII(X): N C(i

Ihle rrra. il tesil It oft rhis. sec( ioln Imirl IcIs Iheor-e I ~Ind -, IVes

k ild o s A i I01 Ide dlitIh l Ii iit O it I y converi,,erlt n~or thmi' or N~LP ('~l bc

W und IC led I() rverm~ il Ti I'ii i I te irrittbel of' stecps

I I if-ORI m' Assumc tfl~l I' 'indc -,, it-e ('011 1111100ly diff lerent ib~l ind. ani hai

tHe tI(Q holds alIx( K Suppose thbat (xk )C X, x - x. anrd

*F '~rk[ vt(X* ) 3 I. If-vfl(\ ) t T (x*) , then ther-e is ai

4positive irlIejler- 1\ such thatlt I' all k > K, xuniquely solves the

-noil
1 ilicar. prom2.1'am

minilile vi (x k) x Subject to x C '. (.3.2)

Conversely, if x solves (I. .2) For- all I lar, ei ti brr some iumber- K. r h''.

x is a Kavush-Kuhni- uckcir poi nt of' pr-oblem NIA).

Pr)~ -00 y F BY (tf ('()nI i unllls dli HI I-ent i :11)i I it y ol' 1' we have -Vf (\ k

int "I (x I'mor sin f'icienitly lar-,e k, s ice x x arid -Vtl(x ill(j

I (x itnns, V F (x k) z > (0 for al I , C 1l( '): i .e. , VI'( x k 'x ) I )>

Fotr all x C + )~ ieXCX + I (x). then vf (x k ), I i N (x k), I

%4 Forl. I x C 'K, x ;e x T he conver~se Col lows immed iare ly frtom cowitiolns

d i I Iereni t iahbi I ity of' 1.

R~entn nk Aria1 imonis to 11 icrm 1. ill ilie above hieolrem. We c:i rinot I ne I uL

he issimiptIion th i I here e n i rru4e:mrly indtependent hinrd i nt conusit zui int s

atx ,even) if' we requlire -VF,(x) to be only irk the n-ehinive interior' of'



F t olIiem 2 --,1i'e~, s I If I r ~IV I l,,oi I ti f m 'or Nil31 W I iih -'efI erit us I

sequence of* poinots (:oiver iL ~ to ai poinit x lbeodfc I)L1lrllc

-I i nilIe collve rLence, When -VI (\ xi 'I (x b y Id ift Ow~i he iiI li rie;Il

proL'rarnl i 0. ) 1i I I cIr objec I ive Iunc I iofn every. ,aIy, ii s tep I),. II

* is Otiranteed to Yield I locail solut(ion ~in a Finit e number of

( era I i oils.

-l lXKIT'NS IONS F) VAR IAL IONAI I NIIQIAI.1 V I IS

In this sect ion we consider the var ia tional 1 rieqnI it y prob)lem ofi

* 5 f Iirnd in ii po iit x C S such that

C(x )(x - 1' ) r al S , (VI)

Where C: R R is corit n tious. S is a conivex I eais ible setI aind \ is

'~ ~ cal led a solution of' V1. Note Ouit x solves the I lowiiiu, convex

pro'-,rAM

miiiztie C;( ~)x subj)ect to x TIS ( ~

4 Iiirthel-nore. x is Cl led in jsol.aied soluitioni (or- a loc:lly unFiq! f

so I t? i or)) of' problIem V I it I' is thfe onlIy soIuIt ioil o I V I i t somel

1W imzhborflood of' x

4 Irobl em V I i s , if) a senlse a 'i eliiera I i /'a i oil of I' lie flool i Ieal I i iou, I till

NI! 3 (and also of' P). For exanhple, if' x i s a l ocalI so I I Ii (ion ofI NI P ;itim

- if' feasible s(t1 X in) NI P is convex. then x solves VI Willi ~\ f\

4and S =X. Indjeed. iI' thfe obJc t ive fonict ion I' and set \in, NI 11 ire

'Z -e% %
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